We show that if a complete open manifold with bounded curvature and sufficiently small ends, then each end is an infranilend. Conversely, an open manifold with finitely many infranilends admits a complete metric with bounded curvature and arbitrarily small ends.
Introduction. It is well known that if a complete open manifold
M of finite volume has bounded negative sectional curvature, i.e.
-Λ 2 < sec(M) < -Λi, where Λ; are positive constants, then M has finite topological type (see [Gl] ). In particular, M has finitely many ends. Moreover, each end collapses, i.e., for any end E and any point p e M, lim diam^Γ\S(p,r)) = 0, where S(p, r) = {x e M d(p, x) = r} denotes the geodesic sphere of radius r around p. Further, each end is topologically of the form Nx (0, oo) for some infranilmanifold N. See [E] and [Sc] for details. See also [K] in the case Λ2/Λ1 < 4.
An open manifold M is said to have N ends, if there is a compact subset K such that for any compact subset K c K 1 c M, M\K f contains exactly N unbounded components. Simply we call any such component an end of M.
In [Sh] we studied complete open Riemannian manifolds M with sectional curvature bounded from below and small ends. In order to state the result, we need to introduce some notations. For r > 0, the connected components, Σ, of d (M\B(p, r) ), are called the boundary components, where B (p, r) denotes the open geodesic ball of radius r around p. Following [C] (compare [AG] ), we define the essential diameter 3f{p 9 r) at distance r from p by (p 9 r) = sup diam(Σ), Σ where the supremum is taken over all boundary components Σ of M\B(p, r) with Σ Π R(p, r) φ 0, where R(p, r) = {γ(r) \γ is a ray from p} c S (p, r) . Notice that in the definition of 2{p, r) we do not assume that M has finitely many ends. In [Sh] we prove the following THEOREM 1 ( [Sh] We do not know what is the best constant on the right side of (1). This theorem is proved by applying the Morse theory to the distance function d p (x) = d(p, x) . Of course, d p is not of C 1 in general. But we still have a notion of critical points of d p . We say a point q is a critical point in the sense of Grove-Shiohama [GS] if for any vector v G T q M, there is a minimal geodesic σ from q to p, making an angle Δ(v , σ(0)) < f . For the further discussion in §2, we would like to outline the proof of Theorem 1 here (see [Sh] and [G] (p, i?o) , and let γ be a ray from p such that y(i?o, oo) C E. Denote by Σ Γ the boundary component of M\B{p, r) with y(r) € Σ r , r > i? 0 . Since all Σ r , r>R 0 , contain no critical points of rf p , one can show that all Σ r are homeomorphic, and E is homeomorphic to Σ^ x (RQ , CXD) . Notice that M\B(p, i?o) has finitely many unbounded components. Thus M has finite topological type in the sense of Theorem 1. In this case, it is also easy to see
where the maximum is taken over all unbounded components of M\B (p, RQ) . Readers can also refer to [C] for further discussion. In this paper we will study the structure of small ends for complete open manifolds with bounded sectional curvature. Riemannian manifolds under consideration may have infinite volume and are not required to be negatively curved. 
r-κx>
The answer is affirmative. The construction of the metric is not trivial, and is given in §3. One needs to know precisely the structure of an infranilmanifold. Our construction is inspired by [Wl] . Fukaya's theorem says that there is a small number ε = ε(n, io) SO that if h: M\ -> Af 2 is an ε-Hausdorff approximation, then there is a fibration /: Afi -> AΓ 2 such that f" ι (y) 9 y G Af 2 , is an infranilmanifold. Fukaya's theorem is an important generalization of Gromov's result [G2] and [R] 
Fix an unbounded component E of M\B(p, RQ) . Define π: E -+(R θ9 oo), x e E n 5(p, r) -• r e (R o , oo).
It is easy to see by (4) that for any X\, x 2 G £,
Thus π is an 25-Hausdorίf approximation. Although Fukaya's theorem is stated for complete manifolds, his argument can be carried over to our case. Let E\ = {x e E, d{x, dE) > 1}. By [Fl] and [F2] there is a small number ε(n) > 0 such that if (5) holds for some δ < ε(n), then there is an open neighborhood ί/, E x c U c E, and a fibration f:U-> (R x , oo), Rι > R o , with fibres f~ι(r) diffeomorphic to an infranilmanifold N by φ r . One then defines a diffeomorphism φ: U -+ N x (i?i, oo) by φ(x) = (φ r (x) 9 r) for χef-χ (r). One can also follow [CFG, §2] 
Construction of the metrics. Let
M be an open manifold with finitely many infranilends, say, E\, ... , E N , which are unbounded connected components of M\K for some compact subset K. By definition, each end E\ is diίfeomorphic to JV/ x (0, oo) for some infranilmanifold iV/. Fix an end E = N x (0, oo). In order to construct a complete metric on M satisfying (3) in Theorem 3, it suffices to construct a metric g on E = iVx (0, oo) such that | sec(£ r , g)\ < 1 and (3) holds.
Recall that N is an infranilmanifold if N = G/Γ, where G is a nilpotent Lie group and Γ is a discrete group of affine transformations of G satisfying [Γ, G n Γ] < oo. Here we have put the left invariant connection D on G for which left invariant vector fields are parallel, and G is regarded as a group of affine transformations on G by left translations. Let L denote the Lie algebra of G, the space of leftinvariant vector fields on G. One has the following stratification
where L i+ι = [L, L{\. Notice that H := Γ/(GnΓ) acts on L and preserves the stratification (6). One can choose an //-invariant inner product ( , ) 0 on L. 
U
Let V denote the Levi-Civita connection of g r 9 and R its curvature tensor. It follows from (8) and formulas in [CE, Proposition 3.18] , that (9) ||Vjrr|| r < l( We now take λ/(r) = e-α /( r+1 ), α, = 2 ι -1. Then (7) holds. It is easy to see that g has bounded curvature on E = JV x (0, oo). More precisely, if then by (9) (10) there is constant K{k, C) such that
\\R{X,H)H\\<K{k,C), \\R(X,Y)H\\<K(k,C), \\R(X,H)Y\\<K(k,C), \\R(X,Y)Z\\<K(k,C)
for any orthonormal left-invariant vector fields X € F ( , Y € i 7 , and ZeF m .
In particular, one has (compare [W2] )
h'-'(r) g(R(X, H)H, X) = -^ii, h'Λr)h'λr) g(R(X, Y)Y, X) = g r (R(X, Y)Y,X) -^f
or orthonormal left-invariant vector fields X € Fj, Y eFj.
Observe that g r < e~2( r+^g o. One concludes that diam(iV x {r}, g r ) < e~r~ι diam(iV, ^o) -* 0 as r -* oo. This completes the proof.
REMARK. Taking Λ ; (r) = e~α' (r+1) , α z = 5 2 ! -1, one can make the curvature negatively pinched on each end, provided that δ is sufficiently large.
